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Regular v Pushdown
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Regular

(id 1)

(define (id x) x)

(<= (id 0) (id 1))

  Store:

x {0, 1}
(id 0) {0, 1}
(id 1) {0, 1}

Result: true or false
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(define (id x) x)
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Pushdown

(id 1)

(define (id x) x)

(<= (id 0) (id 1))

  Store:

x {0, 1}
(id 0) {0}
(id 1) {0, 1}

Result: true
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Deriving Pushdown Analyses

• Transform: memoize functions

• Transform: store return points for ENTIRE states

• Analysis: bound store
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Hope for extensibility

Grad student

PDS

Your language



e ::=x |(e e) |λx.e
v ::=λx.e
E ::=[] |(E e) |(v E)

E[(λx.e v)] ↦βv E[e{x:=v}]



ρ ∈ Env = Var → (Value × Env)
κ ∈ Kont = Frame*

[] []
(E e) ar(e,ρ):κ
(v E) fn(v,ρ):κ



ρ ∈ Env  = Var → (Value × Env)

〈x,ρ, κ 〉 ↦ 〈v,ρ′, κ 〉

 if (v , ρ′) = ρ(x)

〈(e₀ e₁),ρ, κ 〉 ↦ 〈e₀,ρ, ar(e₁, ρ):κ 〉

〈v,ρ, ar(e , ρ):κ 〉 ↦ 〈e,ρ, fn(v , ρ):κ 〉

〈v,ρ, fn(λx.e , ρ′):κ 〉 ↦ 〈e,ρ″, κ 〉

where ρ″ = ρ′[x ↦ (v , ρ)]



ρ ∈ Env  = Var → Addr
σ ∈ Store  = Addr → (Value × Env)
〈x,ρ,σ,κ 〉 ↦ 〈v,ρ′,σ,κ 〉

 if (v , ρ′) = σ(ρ(x))

〈(e₀ e₁),ρ,σ,κ 〉 ↦ 〈e₀,ρ,σ,ar(e₁, ρ):κ 〉

〈v,ρ,σ,ar(e , ρ):κ 〉 ↦ 〈e,ρ,σ,fn(v , ρ):κ 〉

〈v,ρ,σ,fn(λx.e , ρ′):κ 〉 ↦ 〈e,ρ″,σ′,κ 〉

where ρ″ = ρ′[x ↦ a]

σ′ = σ[a ↦ (v , ρ)]

a fresh



ρ ∈ Env  = Var → Addr
σ ∈ Store  = Addr → ℘(Value × Env)
〈x,ρ,σ,κ 〉 ↦ 〈v,ρ′,σ,κ 〉
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ρ ∈ Env  = Var → Addr
σ ∈ Store  = Addr → ℘(Value × Env)
〈x,ρ,σ,κ 〉 ↦ 〈v,ρ′,σ,κ 〉

 if (v , ρ′) ∈ σ(ρ(x))

〈(e₀ e₁),ρ,σ,κ 〉 ↦ 〈e₀,ρ,σ,ar(e₁, ρ):κ 〉

〈v,ρ,σ,ar(e , ρ):κ 〉 ↦ 〈e,ρ,σ,fn(v , ρ):κ 〉
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where ρ″ = ρ′[x ↦ a]

σ′ = σ⊔[a ↦ {(v , ρ)}]

a = alloc(ς)

(1) memoize functions



ρ ∈ Env  = Var → Addr
σ ∈ Store  = Addr → ℘(Value × Env)
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where ρ″ = ρ′[x ↦ a]

σ′ = σ⊔[a ↦ {(v , ρ)}]

〈v,ρ,σ,fn(λx.e , ρ′):κ 〉 ↦ 〈e,ρ″,σ′,κ 〉



〈v,ρ,σ,fn(λx.e , ρ′):κ,M 〉 ↦ 〈e,ρ″,σ′,rt(ctx):κ,M 〉

or 〈v′,ρ,κ,M 〉 if v′ ∈ M(ctx)

where ρ″ = ρ′[x ↦ a]

σ′ = σ⊔[a ↦ {(v , ρ)}]

ctx = (e , ρ″ , σ′)



〈v,ρ,σ,fn(λx.e , ρ′):κ,M 〉 ↦ 〈e,ρ″,σ′,rt(ctx):κ,M 〉

or 〈v′,ρ,κ,M 〉 if v′ ∈ M(ctx)

where ρ″ = ρ′[x ↦ a]

σ′ = σ⊔[a ↦ {(v , ρ)}]

ctx = (e , ρ″ , σ′)

〈v,ρ,σ,rt(ctx):κ,M 〉 ↦ 〈v,ρ,σ,κ,M′ 〉

where M′ = M⊔[ctx ↦ {(v , ρ)}]



〈v,ρ,σ,fn(λx.e , ρ′):κ,M 〉 ↦ 〈e,ρ″,σ′,rt(ctx):κ,M 〉

or 〈v′,ρ,κ,M 〉 if v′ ∈ M(ctx)

where ρ″ = ρ′[x ↦ a]

σ′ = σ⊔[a ↦ {(v , ρ)}]

ctx = (e , ρ″ , σ′)

〈v,ρ,σ,rt(ctx):κ,M 〉 ↦ 〈v,ρ,σ,κ,M′ 〉

where M′ = M⊔[ctx ↦ {(v , ρ)}]

(2) store return points



〈v,ρ,σ,fn(λx.e , ρ′):κ,M,Ξ〉 ↦ 〈e,ρ″,σ′,rt(ctx) ,M,Ξ′〉

or 〈v′,ρ,κ,M,Ξ′〉 if v′ ∈ M(ctx)

where ρ″ = ρ′[x ↦ a]

σ′ = σ⊔[a ↦ {(v , ρ)}]

ctx = (e , ρ″ , σ′)

Ξ′ = Ξ⊔[ctx ↦ {κ}]

〈v,ρ,σ,rt(ctx) ,M,Ξ〉 ↦ 〈v,ρ,σ,κ,M′,Ξ〉

 if κ ∈ Ξ(ctx)

where M′ = M⊔[ctx ↦ {(v , ρ)}]



How does this look?



(app id 1)

Memo

Contexts

Store:σ₀

Store in rt:N/A

(let* ([id (λ (x) x)]
[app (λ (f y) (f y))]
[n1 (app id 1)]
[n2 (app id 2)])

  (+ n1 n2))



(f y)

Memo

Contexts
〈(f y) ρ₁ σ₁〉 (let* (... [n1 •] ...) ...)

Store:σ₁
f₀ id

y₀ 1

Store in rt:σ₁

(let* ([id (λ (x) x)]
[app (λ (f y) (f y))]
[n1 (app id 1)]
[n2 (app id 2)])

  (+ n1 n2))



x

Memo

Contexts
〈(f y) ρ₁ σ₁〉 (let* (... [n1 •] ...) ...)

〈x ρ₁ σ₂〉 (let* (... [app (λ (f y) •)] ...) ...)

Store:σ₂
f₀ id

y₀ 1

x₀ 1

Store in rt:σ₂

(let* ([id (λ (x) x)]
[app (λ (f y) (f y))]
[n1 (app id 1)]
[n2 (app id 2)])

  (+ n1 n2))



x

Memo
〈x ρ₁ σ₂〉 1

Contexts
〈(f y) ρ₁ σ₁〉 (let* (... [n1 •] ...) ...)

〈x ρ₁ σ₂〉 (let* (... [app (λ (f y) •)] ...) ...)

Store:σ₂
f₀ id

y₀ 1

x₀ 1

Store in rt:σ₂

(let* ([id (λ (x) x)]
[app (λ (f y) (f y))]
[n1 (app id 1)]
[n2 (app id 2)])

  (+ n1 n2))



(f y)

Memo
〈x ρ₁ σ₂〉 1

〈(f y) ρ₁ σ₁〉 1

Contexts
〈(f y) ρ₁ σ₁〉 (let* (... [n1 •] ...) ...)

〈x ρ₁ σ₂〉 (let* (... [app (λ (f y) •)] ...) ...)

Store:σ₂
f₀ id

y₀ 1

x₀ 1

Store in rt:σ₁

(let* ([id (λ (x) x)]
[app (λ (f y) (f y))]
[n1 (app id 1)]
[n2 (app id 2)])

  (+ n1 n2))



(app id 2)

Memo
〈x ρ₁ σ₂〉 1

〈(f y) ρ₁ σ₁〉 1

Contexts
〈(f y) ρ₁ σ₁〉 (let* (... [n1 •] ...) ...)

〈x ρ₁ σ₂〉 (let* (... [app (λ (f y) •)] ...) ...)

Store:σ₃
f₀ id

y₀ 1

x₀ 1

n1₀ 1

Store in rt:N/A

(let* ([id (λ (x) x)]
[app (λ (f y) (f y))]
[n1 (app id 1)]
[n2 (app id 2)])

  (+ n1 n2))



(f y)

Memo
〈x ρ₁ σ₂〉 1

〈(f y) ρ₁ σ₁〉 1

Contexts
〈(f y) ρ₁ σ₁〉 (let* (... [n1 •] ...) ...)

〈x ρ₁ σ₂〉 (let* (... [app (λ (f y) •)] ...) ...)

〈(f y) ρ₄ σ₄〉 (let* (... [n2 •]) ...)

Store:σ₄
f₀,f₁ id

y₀ 1

x₀ 1

n1₀ 1

y₁ 2

Store in rt:σ₄

(let* ([id (λ (x) x)]
[app (λ (f y) (f y))]
[n1 (app id 1)]
[n2 (app id 2)])

  (+ n1 n2))



x

Memo
〈x ρ₁ σ₂〉 1

〈(f y) ρ₁ σ₁〉 1

Contexts
〈(f y) ρ₁ σ₁〉 (let* (... [n1 •] ...) ...)

〈x ρ₁ σ₂〉 (let* (... [app (λ (f y) •)] ...) ...)

〈(f y) ρ₄ σ₄〉 (let* (... [n2 •]) ...)

〈x ρ₅ σ₅〉 (let* (... [app (λ (f y) •)] ...) ...)

Store:σ₅
f₀,f₁ id

y₀ 1

x₀ 1

n1₀ 1

y₁ 2

x₁ 2

Store in rt:σ₅

(let* ([id (λ (x) x)]
[app (λ (f y) (f y))]
[n1 (app id 1)]
[n2 (app id 2)])

  (+ n1 n2))



x

Memo
〈x ρ₁ σ₂〉 1

〈(f y) ρ₁ σ₁〉 1

〈x ρ₅ σ₅〉 2

Contexts
〈(f y) ρ₁ σ₁〉 (let* (... [n1 •] ...) ...)

〈x ρ₁ σ₂〉 (let* (... [app (λ (f y) •)] ...) ...)

〈(f y) ρ₄ σ₄〉 (let* (... [n2 •]) ...)

〈x ρ₅ σ₅〉 (let* (... [app (λ (f y) •)] ...) ...)

Store:σ₅
f₀,f₁ id

y₀ 1

x₀ 1

n1₀ 1

y₁ 2

x₁ 2

Store in rt:σ₅

(let* ([id (λ (x) x)]
[app (λ (f y) (f y))]
[n1 (app id 1)]
[n2 (app id 2)])

  (+ n1 n2))



(f y)

Memo
〈x ρ₁ σ₂〉 1

〈(f y) ρ₁ σ₁〉 1

〈x ρ₅ σ₅〉 2

〈(f y) ρ₄ σ₄〉 2

Contexts
〈(f y) ρ₁ σ₁〉 (let* (... [n1 •] ...) ...)

〈x ρ₁ σ₂〉 (let* (... [app (λ (f y) •)] ...) ...)

〈(f y) ρ₄ σ₄〉 (let* (... [n2 •]) ...)

〈x ρ₅ σ₅〉 (let* (... [app (λ (f y) •)] ...) ...)

Store:σ₅
f₀,f₁ id

y₀ 1

x₀ 1

n1₀ 1

y₁ 2

x₁ 2

Store in rt:σ₄

(let* ([id (λ (x) x)]
[app (λ (f y) (f y))]
[n1 (app id 1)]
[n2 (app id 2)])

  (+ n1 n2))



(+ n1 n2)

Memo
〈x ρ₁ σ₂〉 1

〈(f y) ρ₁ σ₁〉 1

〈x ρ₅ σ₅〉 2

〈(f y) ρ₄ σ₄〉 2

Contexts
〈(f y) ρ₁ σ₁〉 (let* (... [n1 •] ...) ...)

〈x ρ₁ σ₂〉 (let* (... [app (λ (f y) •)] ...) ...)

〈(f y) ρ₄ σ₄〉 (let* (... [n2 •]) ...)

〈x ρ₅ σ₅〉 (let* (... [app (λ (f y) •)] ...) ...)

Store:σ₆
f₀,f₁ id

y₀ 1

x₀ 1

n1₀ 1

y₁ 2

x₁ 2

n2₀ 2

Store in rt:N/A

(let* ([id (λ (x) x)]
[app (λ (f y) (f y))]
[n1 (app id 1)]
[n2 (app id 2)])

  (+ n1 n2))



〈e,ρ,σ,κ,M,Ξ〉

ρ ∈ Env  = Var → Addr

σ ∈ Store  = Addr → ℘(Value × Env)

M ∈ Memo  = Expr × Env × Store → ℘(Value)

Ξ ∈ KTable  = Expr × Env × Store → ℘(Kont)

κ ::=[] |rt(e,ρ,σ) |φ:κ
φ ::=ar(e,ρ) |fn(v,ρ)



Two things:

Pushdown analysis is easy

You should model your analyses concretely



E[(reset F[(shift k e)])]
 ↦ 

E[e{k:=(λ (x) F[x])}]



E[(reset F[(shift k e)])]
 ↦ 

E[e{k:=(λ (x) F[x])}]
F doesn't contain any resets



Deriving Pushdown Analyses

• Transform: memoize functions  / continuations

• Transform: store return points for ENTIRE states

• Analysis: bound store
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• Design: Model abstract mechanisms concretely
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To Conclude

• Design: Model abstract mechanisms concretely

• Pushdown: Memo and local continuation tables

• Works for control operators / GC (not shown)

https://github.com/ianj/pushdown-shift-reset

Thank you



Garbage collection

Read root addresses of κ through Ξ

𝒯(rt (e, ρ, σ)) = ⋃{𝒯(κ) : κ ∈ Ξ(e, ρ, σ)}


