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Pushdown analysis is easy



Regular v Pushdown
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Regular

N
(define (id x) x)

(<= (id 0) (1d 1))
~_

Result: true or false

Store:

X (0, 1)
(1d 0) {0, 1}
(1d 1) {0, 1}

————
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Pushdown

Store:

X {0, 1}
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I
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~_



Pushdown

A

(define (id x) x)

(<= (1d 0) (1d 1))
~_

(1d 0)



Pushdown

Store:

A X el

(define (id x) x) (J:.d 0) {0}
(1d 1) {0, 1}
———7*

(<= (id 0) (1d 1))
~_



Pushdown

A\

(define (id x) x)
(<= (id 0) (id 1))
N~

Result: true

Store:

X (0, 1)
(1d 0) {0}
(1d 1) {0, 1}

P——m—
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Summary, Callers, TCallers, Final ¢ @
Seen, W «— {(Z(pr), I(pr))}
while W # 0
remove ($i, ¢2) from W
switch ¢
case ¢» of Entry, CApply, Inner-CEval
for each {3 in suce(da) Propagate(<r, <)
case ¢» of Call
for each ¢ in suce($y)
Propagate({s, ¢3)
insert ({7, ¢, <) in Callers
for each ({3, <:) in Suwmmary Update(S, <2, &G, &)
case ¢» of Exit-CEval
if ¢ = Z(pr) then
Final(<$2)
else
insert (1, <2) in Summary

for each (<3, <z, 1) in Callers Update($s, &1, $1, $2)

for each (<3, <:, ¢1) in TCallers Propagate (s, <2)
case ¢z of Exit-TC
for each ¢ in suce()
Propagate($;, <)
insert (51, &2, &) in TCallers
for each ({3, &) in Swmmnary Propagate(q, &)
Propagate(<;, &) £
if (&, &) not in Seen then insert (i, <) in Seen and W
Update (S, <2, <3, 1) & X
G of the form ([(A;, (w1 K1) cally)] , di, ha)
G of the form ([(f ez (A, (u2) call))]. tfy, ha)
G of the form  ([[(Niy Cus ki) callz)] . di, ha)
& of the form ([(ky e) ™), tf., hy)
d +— Auleq, va, U, ha)
i o— t_l:;lf'—i {1 Cus k) ealls) ]|} S?(fz.f)
tf, Ho(la, f) W Lams(f)
¢ e— ([Oa(u2) callz)], d, tf, ha)
Propagate (<, <)
Final({) £
¢ of the form ([(ke)?], tf, h)
insert (halt, Aule, ~, &, h)., ¥, h) in Final

Figure 8 CFA2 workset algorithm

)81,

is & Shivers 2010]
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 Transform: store return points for ENTIRE states

« Analysis: bound store
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e X (e e) Ax.e
Y/ AX.e
E [] (E e) (v E)

E[(Ax.e v)] »,, E[e{x:=v}]



p € Env = Var - (Value x Env)
k € Kont = Frame



p€ ENnv = Var — (Value x Env)

(0, ) e (e, k)

if (v,0) = o(x)
(es e),p, K ) » (eo,p, ar(er,p)ix )
(vio, ar(e,0)ic ) - (e,0, fa(v,0)ic )
(v,p, fr(Ax.e,p )ik ) m (e,p”, « )

where p” = o' [x» (v,p)]



p € Env Var - Addr
s € Store = Addr - (Value x Env)

<x,p,o,K > P <v,p’,o,K >
if (v,07) = o(p(x))
<(ee ei),p,0,kK > P <ee,p o ar( ,p):K >

<v,p,o,ar(e,p):K > P <e,p,o,fn(v,p):K >

<v,p,c,fn()\x.e,p’):K > " <e,p”,o’,K >

where o = p'[x » a]
0" = o[a P (v,p)]

a fresh



p € EnV
o € Store

<X,p,0 :

<(eo ei),p,0,kK
<v,p,o,ar(e ’ p):K

<V;p;°lfn(;‘x'e y p’):K

Var —» Addr
Addr - p(Value x Env)

) = (weye )
if (v.o) €o(e(x))
Y m (eo,p,0,ar(en, p)ic )
\ w (e,p, 0, (v, )ik )
Y - (e,07,0 K )
where ¢ = p'[x » a]

o =oufawn {(v,p)}]

a = a'L'LOC(C)



p € Env Var -» Addr
o € Store = Addr - p(Value x Env)

<x,p,o,K > P <v,p’,o,K >

it (v.e7) €o(p(x))

<(e° €1),p,0,K b func\:‘\OY\S

(vt W
<v,p,o,f| > b <e,p”,o’,K >

where o = p'[x » a]

o =oufawn {(v,p)}]

a = alloc(qg)



p € ENV
o € Store

<X,p,0 :

<(eo ei),p,0,kK
<v,p,o,ar(e ’ p):K

<V;p;°lfn(;‘x'e y p’):K

Var —» Addr
Addr - p(Value x Env)

) = (wetyen )
if (v.o) €o(e(x))
Y n (eo,p,0,ar(er, p)ix )
\ w (e,p,0,f(v, )ik )
Y - (e,07,0 K )
where ¢ = p"[x » 2]

o =oufaw {(v,p)}]

a = alloC(C)



p € ENnV

s € Store
<xipi°iK

<(60 ei),p,0,K
<V,p,0,ar(e ’ p):K

(v,p,0,fn(Ax.e, p"):k

Var =» Addr
Addr - p(Value x Env)

Yow (vypt,0c )
if (v.o) €o(p(x))
) (eo,p,0,ar(er, )ik )
) = (e, 0, (v, 0)ix )
Y o (e,p",0 kK )
where o = p'[x » 3]

o =oufaw {(v,p)}]

a = alloc(g)



p € ENV

€ Store
<x,p, IK

<(60 el),pp y K
(v,p,0,ar(e, p):x

<v'p'o'fn(}\x.e ’ p,):K

Var —» Addr
Addr - p(Value x Env)

LT
if (v.e") €o(p(x))
) » (eo,p,o,ar(er,p):ik )
Y » (e,p,0,fn(v,p):x )
Y e (e,p7,0 K )
where " = p'[x = a]

o =oufaw {(v,p)}]

a = alloC(C)



p € ENV

€ Store
<x,p, IK

<(60 31),pp y K
(v,p,0,ar(e, p):x

<v'p'o'fn(kx.e ’ p’):K

Var —» Addr
Addr - p(Value x Env)

LT
if (v.e') €o(p(x))
) » (eo,p,o,ar(er,p):ik )
Y » (e,p,0,fn(v,p):x )
Y e (e,p7,0 K )
where " = p'[x = a]

o =oufaw {(v,p)}]

a = allOC(Q)



p € Env Var -
€ Store = - p(Value x Env)

ORI SR
if (v.e7) €0(p(x))
{(eo €1),p,0,K Y » (eo,p,0,ar(er, p)ik )
(vypjojar(e, p)ic ) » (e,p,0,fn(v,p)ik )
(v,p,0,f(Ax.e,p )ik ) w (e,p",0 )
where p” = p'[x » a]

o =oufaw {(v,p)}]

= alloc(q)



p € Env Var -
€ Store = - p(Value x Env)

(oprosn ) m (aeion )
if (v.e7) €0(p(x))
((eo €1),p,0,K Y » (eo,p,0,ar(er, p)ik )
(vypyo,ar(e, p)ic ) » (e,p,0,fn(v,p)ic )
(v,p,0,f(Ax.e,p )ik ) w (e,p",0 )
where p” = p'[x » a]

o =oufaw {(v,p)}]

= alloc(q)



<v,p,o,fn(}\x.e,p’):K > " <e,p”,o’,K >

o [x » o]

oua  {(v,8)}]

where e~

0’



<v,p,o,fn(}\x.e,p’):K > " <e,p”,o’,K >

o [x » o]

oua  {(v,8)}]

where e~

0’



<v,p,o,fn(}\x.e,p’):K > " <e,p”,o’,K >

o [x » o]

oua  {(v,8)}]

where e~

0’



<v,p,o,fn(}\x.e,p’):K > " <e,p”,o’,K >

o [x » o]

oua  {(v,8)}]

where e~

0’



<v p,o, fn Ax.e,p’):K > " <e,p”,o’,K >
where e = p'[x » a]

o =oufawn {(v,p)}]



<v,p,o,fn(}\x.e,p’):K > " <e,p”,o’,K >

where o = p'[x » a]

o =oufawr {(v,p)}]



<v,p,c,fn(7\x.e,p’):K > " <e,p”,o’,K >

where o = p'[x » a]

o' = oufan {(v,0)}]



<v,p,c,fn(7\x.e,p’):K > " <e,p”,o’,K >

where o = p'[x » a]

o' = oufaw {(v,8)}]



<v p,o, fn Ax.e,p’):K > " <e,p”,o’,K >

where o” = p'[x » a]

o' = oufa = {(v,8)}]



<v p,o,fn(Ax.e, p"):k > " <e,p”,o’,K >

where o = p'[x » a]

o =oufaw {(v,p)}]



<v p,o,fn(Ax.e, p"):k > " <e,p”,o',K >

where o = p'[x » a]

6’ = ou[a - {(V,p)}]



<v p,0,fn(Ax.e, p"):k > " <e,p”,o',K >

where o = p'[x » a]

6’ = ol_l[a - {(V,p)}]



<v p,o, fn Ax.e,p’):K > " <e,p”,o’,K >

where p” = p’[x » a]

ou[a » {(v,p)}]

Gl



<v,p,c,fn(}\x.e,p’):K > " <e,p”,o’,K >

where p” = p’[x » a]

o =oufawn {(v,p)}]



<v,p,o,fn(}\x.e,p’):K > " <e,p”,o’,K >

where o = p'[x » a]

o =oufawn {(v,p)}]



<v,p,o,fn(}\x.e,p’):K > " <e,p”,o’,K >

where o = p'[x » a]

o =oufawn {(v,p)}]



<v p,o, fn Ax.e,p’):K,M > b <e,p”,o’,rt(ctx):K,M >
or <v’,p,K,M > |f v’ € M(ctx)
where o = p'[x » a]

6’ = ou[a - {(V,P)}]

ctx = (e, p”, 0’)



<v p,o, fn Ax.e,p’):K,M > b <e,p”,o’,rt(ctx):K,M >
or <v’,p,K,M > |f v’ € M(ctx)
where o = p'[x » a]

6’ = ou[a - {(V,P)}]

ctx = (e, p”, 0’)

<v pP,o, rt ctx):K,M > - <v p,o,k,MN >

where v = Mu[ctx = {(v,p)}]



<v p,o, fn Ax.e,p’):K,M > b <e,p”,o’,rt(ctx):K,M >
or <v’,p,K,M >|f v' € M(ctx)

where o = p'[x » a]

<v pP,o, rt ctx):K,M > - <v p,o,k,MN >

where v = Mu[ctx = {(v,p)}]



(vyp,0,fn(Ax.e, p")ik,M,Z) » (e,p",0",rt(ctx) ,M,z")
or (v’ ,p,k,M, =) jf v € m(ctx)
where ¢” = p'[x » a]
o' =oufawr {(v,p)}]
ctx = (e, p”,0")
= = Zufctx » {k}]
{v,p,0,rt(ctx) ,M,Z) » (v,p,0,k,M ,Z)
If « € =(ctx)

where v = Mu[ctx = {(v,p)}]



How does this look?



(Let* ([id (A (x) x)] Store:oco
app (A (fy) (fy))l

'nl (app id 1)]

(n2 (app id 2)])

(+ n1 n2))

Memo

Store in rt:N/A
Contexts



(Let* ([id (A (x) x)] Store:o:
lapp (A (fy) (fy))l £ id
‘nl (app 1d 1)]
n2 (app id 2)]) yo 1
(+ n1 n2))
Memo
Store in rt:o:
Contexis

(fy) pr 61) (let* (... [nl ¢] ...) ...)



(Let* ([id (A (x) x)] Store:o:
app (A (fy) (fy)l £, id
‘nl (app 1d 1)]
n2 (app id 2)]) yo 1
(+ n1 n2)) xo 1
Memo
Store in rt:o:
Contexts

(fy) pr 61) (let* (... [nl ¢] ...) ...)

(X p1 02) (let* (... [app (A (fy) )] ...) ...



(Let* ([id (A (x) x)] Store:o:
app (A (fy) (fy)l f,  id
‘nl (app 1d 1)]
n2 (app id 2)]) yo 1
(+ n1 n2)) Xo 1
Memo
(X p1 O02) 1
Store in rt:o:
Contexis

((f y) pr o1) (let* (... [nl ¢] ...) ...)
(X p1 02) (let* (... [app (A (Fy) )] ...) ...)



(Let* ([1d (A (x) x)] Store:o:
lapp (A (fy) (fy))l £, id
nl (app 1d 1)]
n2 (app id 2)]) yo 1
(+ n1 n2)) Xo 1
Memo
(X p1 O02) 1

<(f y) p1 01> 1

Contexts

((fy) pr 01) (let* (...
(X p1 02) (let* (...

Store in rt:o:

[n1 ] ...) ...)
[app (A (f y) )] ..

)

.)



(Let* ([id (A (x) x)] Store:o:
app (A (fy) (f y))]  id
‘nl (app 1d 1)]
n2 (app id 2)]) yo 1
(+ n1 n2)) xo 1
Memo nio 1
(X p1 O02) 1

((fy) pr 61) 1

Store in rt:N/A
Contexts

(fy) pr 61) (let* (... [nl ¢] ...) ...)

(X p1 02) (let* (... [app (A (fy) )] ...) ...



(Let* ([id (A (x) x)] Store:oa
lapp (A (fy) (fy))l £ f; id
‘nl (app id 1)] ’
n2 (app id 2)]) yo 1
(+ n1 n2)) xo 1
Memo nio 1
(X pr 02) 1 yi 2

((fy) pr 61) 1

Store in rt:o4

Contexts

((fy) pr 61) (let* (... [n1 ] ...) ...)

(X p1 02) (let* (... [app (A (fy) )] ...) ...
((f y) psa 04) (let* (... [n2 °]) ...)




(Let* ([id (A (x) x)] Store:os
app (A (fy) (fy)l f, f; id
‘nl (app id 1)] ’
n2 (app id 2)]) yo 1
(+ n1 n2)) xo 1
Memo nio 1
(X pr 02) 1 y1 2
((fy) pr o)1l X1 2

Contexis
<(f y) p1 01> (let*
(X p1 O02) (let*

<(f y) pa 04> (let*
(X P5 Os) (let*

e e e N
n n n n
] ] n n

Store in rt:os

nl o] ...) ...)

lapp (A (fy) *)] ..
(n2 ¢]) ...)

lapp (A (fy) )] ..

) ..

) ..

)

)



(Let* ([id (A (x) x)]
[app (A (fy) (fy))l fo,f1 id
'nl (app id 1)]

'n2 (app id 2)1)

(+ n1 n2))
Memo
(X p1 02) 1
((fy) pr 61) 1
<X Ps 05> 2
Contexts
((f y) pr 01) (let*
(X p1 02) (let*

((f y) ps 04) (let*
(X ps Os) (let*

Store:os

Yo
Xo
nio
)2
X1

N N B B R

Store in rt:os

nl ] ...) ...)

‘n2 °¢]) ...)

L L R
[ ] L] L L
[ ] L] L L

app (A (fy) )] ..

app (A (fy) )] ..

) ..

) ..

)

)



(let* (

(+ nl

Memo

(X p1 O02)
((f y) pr o1)
<X Ps 05>
((f y) ps 04)

(id (A (x) x)]

[app (A (fy) (fy))l
'nl (app id 1)]

'n2 (app id 2)])

n2))

NN = =

Contexts

<(f y) p1 01> (let*
(X p1 02) (let*
((fy) psa 04) (let*
(X P5 Os) (let*

N o
n | n n
] [} n n

‘nl o] ..
[app (A (fy) )] ..
n2 ¢]) ..
[app (A (fy) )] ..

Store:os
fo,fi 1id
Yo
Xo
nio
)2
X1

N N R B R

Store in rt:o4

%

)

) ..

) ..

)

)



(Let* ([id (A (x) x)]
[app (A (fy) (fy))l fo,f1 id
'nl (app id 1)]

'n2 (app id 2)])

(+ n1 n2))

Memo

(X p1 02)
((fy) pa
<X Ps 05>
((fy) pa

Contexts
((fy) p2
(X p1 02)
((fy) pa
<X Ps 05>

01>

NN = =

04>

01> (let*
(Llet*
04> (let*
(let*

Store:oes

Vo
X0
nio
Vi
X1
NnZ2o

Store in rt:N/A

N N N B = =

nl ] ...) ...)

app (A (fy) )] ..
‘n2 °¢]) ...)

N N N N
] ] L] L]
] ] ] L]

app (A (fy) )] ..

) ..

) ..

)

)



(E.p. y K ;E>

p € Env = Var - Addr

€ Store = Addr - p(Value x Env)

€ Memo = Expr X Env x Store - p(Value)
= € KTable = Expr X Env X Store —» p(Kont)

K:=1[] rt(e,p,0)|e:k
¢:.=ar(e,p) fn(v, p)



You should model your analyses concretely



E[(reset F[(shift k e)])]

=

Ele{k:=(A (x) F[x])}]



E[(reset F[(shift k e)])]

Ele{k:=(A (x) F[x])}I

F doesn't contain any resets



Deriving Pushdown Analyses

 Transform: memoize functions / continuations
 Transform: store return points for ENTIRE states

« Analysis: bound store



To Conclude

» Design: Model abstract mechanisms concretely



To Conclude
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 Pushdown: Memo and local continuation tables



To Conclude

» Design: Model abstract mechanisms concretely
* Pushdown: Memo and local continuation tables

« Works for control operators / GC (not shown)



To Conclude

» Design: Model abstract mechanisms concretely
« Pushdown: Memo and local continuation tables
« Works for control operators / GC (not shown)

https://github.com/ianj/pushdown-shift-reset

Thank you



Garbage collection

Read root addresses of k through =

grte, p, 0) = UIAK) : kK € =(e, p, 0)



